Abstract. The main aim of this work is to construct several new families of proper biharmonic functions defined on open subsets of the classical compact simple Lie groups SU(n), SO(n) and Sp(n). We work in a geometric setting which connects our study with the theory of submersive harmonic morphisms. We develop a general duality principle and use this to interpret our new examples on the Euclidean sphere S 3 and on the hyperbolic space H 3 .
Introduction
To illustrate the main theme of this paper, let us first consider a collection of rather simple functions f n : C * → C. Here n is a natural number, C * is the punctured plane of non-zero complex numbers and f n (z) = z z n .
(1.1)
Further let ∆ denote the standard Laplace operator in the Euclidean plane C and r be a positive integer. Then it is not difficult to prove by induction the following interesting formula:
Here ∆ r is the iterated Laplacian given by ∆ r = ∆(∆ (r−1) ) and ∆ 0 f = f . As a direct consequence of equation (1.2), we have the following result.
Proposition 1.1. Let n be a natural number and the function f n : C * → C be defined as in (1.1). Then f n is a proper r-harmonic function (i.e. ∆ r f n = 0 and ∆ r−1 f n = 0) if and only if r = n + 1.
The literature on biharmonic functions is vast, but usually the domains are either surfaces or open subsets of flat Euclidean space. In this paper we construct the first proper biharmonic functions from open subsets of the classical compact simple Lie groups SU(n), SO(n) and Sp(n), equipped with their standard biinvariant Riemannian metrics.
It is a well-known fact that the matrix coefficients of any finite-dimensional irreducible representation of a compact semi-simple Lie group are eigenfunctions of the corresponding Laplace-Beltrami operator. For this see [11] or Proposition 5.28 of [12] .
In Theorems 4.2, 5.2 and 6.2 we produce a large collection of complexvalued biharmonic functions on open subsets of SU(n), SO(n) and Sp(n) respectively. They are all quotients of linear combinations of the matrix coefficients for the standard irreducible representation of the corresponding group. In Theorem 7.2 we then construct solutions which are quotients of 2 × 2 determinants from the matrix of the same representation of SU(n).
Our investigation into the special orthogonal group SO(4) produces some new examples of proper biharmonic functions on open subsets of the 3-dimensional round sphere S 3 . The existence of proper biharmonic functions on 3-dimensional space forms was already studied in [4] , where the radially symmetric examples were constructed. In Theorem 8.1 we develop a general duality principle which we use to construct new proper biharmonic functions on the non-compact 3-dimensional hyperbolic space H 3 .
We conclude the paper with a short appendix providing a complementary approach that hopefully will be useful to implement our calculations by means of some suitable software.
Proper r-harmonic functions
Let (M, g) be a smooth manifold equipped with a semi-Riemannian metric g. We complexify the tangent bundle T M of M to T C M and extend the metric g to a complex-bilinear form on T C M . Then the gradient ∇f of a complex-valued function f : (M, g) → C is a section of T C M . In this situation, the well-known linear Laplace-Beltrami operator (alt. tension field) τ on (M, g) acts on f as follows
For two complex-valued functions f, h : (M, g) → C we have the following well-known relation
where the conformality operator κ is given by
For a positive integer r, the iterated Laplace-Beltrami operator τ r is defined by
Definition 2.1. For a positive integer r, we say that a complex-valued
proper r-harmonic if τ r (f ) = 0 and τ (r−1) (f ) does not vanish identically.
It should be noted that the harmonic functions are exactly the 1-harmonic and the biharmonic functions are the 2-harmonic ones. In some texts, the r-harmonic functions are also called polyharmonic of order r.
We shall now develop some connections between the theory of r-harmonic functions and the notion of harmonic morphisms. More specifically, we recall that a map π : (M ,ĝ) → (M, g) between two semi-Riemannian manifolds is a harmonic morphism if it pulls back germs of harmonic functions to germs of harmonic functions. The standard reference on this topic is the book [1] of Baird and Wood. We also recommend the updated online bibliography [6] .
for all positive integers r ≥ 2.
Proof. The harmonic morphism π is a horizontally conformal, harmonic map, see [5] or [1] . Hence the well-known composition law for the tension field gives
For the second statement, set h = τ (f ) andĥ = λ −2 · τ (f ). Thenĥ = h • π and it follows from the first step that
The rest follows by induction.
Example 2.3. We equip R 4 with its standard Euclidean metric, satisfying (x, y) = x 1 y 1 + x 2 y 2 + x 3 y 3 + x 4 y 4 .
The round 3-dimensional unit sphere S 3 in R 4 is given by
The radial projection π : R 4 \ {0} → S 3 with π : x → x/|x| is a well-known harmonic morphism and its dilation satisfies λ −2 (x) = |x| 2 . Let p, q ∈ C 4 be linearly independent, (q, q) = 0, f : W → C be the function defined locally on S 3 with
Then an easy calculation shows that
Here ∆ is the tension field on R 4 i.e. the classical Laplace operator given by
These calculations show that if (p, q) = 0 then the local function f : W → C is proper biharmonic on S 3 .
Example 2.4. Let R 4 1 be the standard 4-dimensional Minkowski space equipped with its Lorentzian metric
Bounded by the light cone, the open set
This is a harmonic morphism and its dilation satisfies λ −2 (x) = −|x| 2 L , see [8] . Let p, q ∈ C 4 1 be linearly independent, (q, q) L = 0, f : W → C be the function defined locally on H 3 with
Here is the tension field on R 4 1 i.e. the wave operator of d'Alembert given by
.
From this we see that if (p, q) L = 0 then f is proper biharmonic. It should be noted that q ∈ C 4 can easily be chosen such that f : H 3 → C is globally defined.
In the sequel, we shall often employ the following immediate consequence of Proposition 2.2.
Corollary 2.5. Let π : (M ,ĝ) → (M, g) be a submersive harmonic morphism, from a semi-Riemannian manifold (M ,ĝ) to a Riemannian manifold (M, g), with constant dilation. Further let f : (M, g) → C be a smooth function andf : (M ,ĝ) → C be the compositionf = f • π. Then the following statements are equivalent
Proof. It follows from Proposition 2.2 that for any positive integer r we have
The statement is a direct consequence of these relations.
Remark 2.6. The special case r = 2 in Corollary 2.5 is partially a consequence of Theorem 3.1 in [14] (see also [13] ).
Example 2.7. Let G be a Lie group, K ⊂ H be compact subgroups of G and k, h, g be their Lie algebras, respectively. Then we have the homogeneous fibration π : G/K → G/H, π : aK → aH, with fibres diffeomorphic to H/K. Let m be an Ad(H)-invariant complement of h in g and p be an Ad(K)-invariant complement of k in h. Then p ⊕ m is an Ad(K)-invariant complement of k in g.
Let <, > m be an Ad(H)-invariant scalar product on m inducing a Ginvariant Riemannian metric g on the homogeneous space G/H. Further let <, > p be an Ad(K)-invariant scalar product on p defining a H-invariant Riemannian metricḡ on H/K. Then the orthogonal sum
) is a Riemannian submersion with totally geodesic fibres see [2] or [3] . This implies that π is a harmonic morphisms with constant dilation λ ≡ 1.
For this general situation, we have the following important examples from the special unitary, the special orthogonal and the quaternionic unitary groups. Here the groups are equipped with their standard biinvariant Riemannian metrics induced by their Killing forms.
By applying Corollary 2.5 to the case SO(4) → SO(4)/SO(3) = S 3 , we deduce that the proper biharmonic functions on S 3 , described in Example 2.3, lift to proper biharmonic functions on SO(4).
The Riemannian Lie group GL n (C)
Let G be a Lie group with Lie algebra g of left-invariant vector fields on G. Then a Euclidean scalar product g on g induces a left-invariant Riemannian metric on the group G and turns it into a homogeneous Riemannian manifold. If Z is a left-invariant vector field on G and f, h : U → C are two complex-valued functions defined locally on G then the first and second order derivatives satisfy
Further, assume that G is a subgroup of the complex general linear group GL n (C) equipped with its standard Riemannian metric. This is induced by the Euclidean scalar product on the Lie algebra gl n (C) given by
Employing the Koszul formula for the Levi-Civita connection ∇ on GL n (C), we see that
Let [Z, Z t ] g be the orthogonal projection of the bracket [Z, Z t ] onto the subalgebra g of gl n (C). Then the above calculations shows that
This implies that the tension field τ (f ) and the conformality operator κ(f, h) are given by
where B is any orthonormal basis for the Lie algebra g.
Remark 3.1. For 1 ≤ i, j ≤ n we shall denote by E ij the element of gl n (R) satisfying (E ij ) kl = δ ik δ jl and by D t the diagonal matrices
For 1 ≤ r < s ≤ n let X rs and Y rs be the matrices satisfying
The special unitary group SU(n)
In this section we construct proper biharmonic functions on open subsets of the special unitary group SU(n). They are quotients of first order homogeneous polynomials in the matrix coefficients of the standard n-dimensional representation π 1 of SU(n). The unitary group U(n) is the compact subgroup of GL n (C) given by
with its standard matrix representation
The circle group S 1 = {e iθ ∈ C| θ ∈ R} acts on the unitary group U(n) by multiplication (e iθ , z) → e iθ z and the orbit space of this action is the special unitary group
The natural projection π : U(n) → SU(n) is a harmonic morphism with contant dilation λ ≡ 1. The Lie algebra u(n) of the unitary group U(n) satisfies
and for this we have the canonical orthonormal basis
Now, by means of a direct computation based on (3.1), (3.2) and (3.3), we have the following basic result, see [9] . Note that from now on we shall use latin indices for rows and greek indices for columns.
Lemma 4.1. For 1 ≤ j, α ≤ n, let z jα : U(n) → C be the complex-valued matrix coefficients of the standard representation of U(n) given by
where {e 1 , . . . , e n } is the canonical basis for C n . Then the following relations hold τ (z jα ) = −n · z jα and κ(z jα , z kβ ) = −z kα z jβ .
We can now state our first construction of complex-valued biharmonic functions.
Theorem 4.2. Let p, q ∈ C n be linearly independent and P, Q : U(n) → C be the complex-valued functions on the unitary group given by
Further, let the rational function f (z) = P (z)/Q(z) be defined on the open and dense subset W Q = {z ∈ U(n)| Q(z) = 0} of the unitary group. Then the following is true.
(a) The function f is harmonic if and only if α = β.
(b) The function f is proper biharmonic if and only if α = β. The corresponding statements hold for the function induced on SU(n).
Proof. It is easily seen that for a general quotient f = P/Q we have
It follows from Lemma 4.1 that P, Q : U(n) → C are eigenfunctions of the Laplace-Beltrami operator τ and that κ(Q, Q) = −Q 2 . This implies
A simple calculation shows that
and equation (4.3) tells us that f is harmonic if and only if κ(P, Q) = −P Q. Since p, q ∈ C n are linearly independent, this holds if and only if α = β.
If we now assume that α = β then, again using Lemma 4.1, we yield
We prove statement (b) by computing the bitension field τ 2 (f ) using (4.4).
The last statement of the theorem is a simple consequence of the fact that the function f is invariant under the action of S 1 on U(n). Example 4.3. As a special case of Theorem 4.2, let us assume that n = 2 and consider the proper biharmonic function f defined locally on U(2) by
This function is invariant under multiplication by e iθ on U(2) so it induces a proper biharmonic function defined locally on SU(2). It is well-known that SU (2) is, up to a constant multiple of the metric, isometric to S 3 as the Lie group of unit quaternions via
If we write the function f in terms of (z, w) = (x 1 + ix 2 , x 3 + ix 4 ) we get
It should be noted that f is exactly the function which we obtained in Example 2.3 by choosing p = (1, i, 0, 0) and q = (1, −i, 0, 0).
The special orthogonal group SO(n)
In this section we construct proper biharmonic functions on open subsets of the special orthogonal group SO(n). They are quotients of first order homogeneous polynomials in the matrix coefficients of its standard representation. The Lie group SO(n) is the subgroup of GL n (R) given by
Its Lie algebra so(n) is the set of skew-symmetric matrices
For the special orthogonal group we have the following basic result, see [9] .
Lemma 5.1. For 1 ≤ j, α ≤ n, let x jα : SO(n) → R be the real-valued matrix coefficients of the standard representation of SO(n) given by
where {e 1 , . . . , e n } is the canonical basis for R n . Then the following relations hold
The next result describes our construction of complex-valued biharmonic functions from open subsets of SO(n). Theorem 5.2. Let p, q ∈ C n be linearly independent and P, Q : SO(n) → C be the complex-valued functions on the special orthogonal group given by
Further, let the rational function f (x) = P (x)/Q(x) be defined on the open and dense subset W Q = {x ∈ SO(n)| Q(x) = 0} of the special orthogonal group. The function f is harmonic if and only if α = β, (q, q) = 0 and (p, q) = 0. It is proper biharmonic if and only if (a) α = β, (q, q) = 0, (p, q) = 0 and n = 4, or (b) α = β, (q, q) = 0 and (p, q) = 0.
Proof. First we note that P, Q : SO(n) → C are eigenfunctions of the Laplace-Beltrami operator τ and so the general relation (4.2) simplifies to
We first consider the case when α = β. Then Lemma 5.1 gives
This implies that if α = β then f is harmonic if and only if (q, q) = 0 and (p, q) = 0. A simple calculation shows that
This leads us to
An inspection of (5.2), using the fact that the right-hand side is the sum of terms which are not homogeneous, enables us to conclude that τ 2 (f ) = 0 and τ (f ) = 0 if and only if (q, q) = 0, (p, q) = 0 and n = 4. Let us now assume that α = β. Then we apply Lemma 5.1 and obtain the following
The tension field
does not vanish identically since since p and q are linearly independent, so f is not harmonic in this case. Now we use (5.3) and compute
Taking (5.1) and (5.3) into account, it follows that
Now it is obvious that if (q, q) = 0 and (p, q) = 0 then the bitension field vanishes. Since the only polynomial of degree one in the numerator of the last equation is 6(q, q) 2 P , it is clear that the vanishing of the bitension field implies (q, q) = 0. From this it is immediate to deduce that also (p, q) = 0, so the converse is also true.
Remark 5.3. We point out that the solutions provided by Theorem 5.2 in the case that α = β and n = 4 are precisely those given at the end of Example 2.7.
The quaternionic unitary group Sp(n)
In this section we construct complex-valued proper biharmonic functions on open and dense subsets of the quaternionic unitary group Sp(n) i.e. the intersection of the unitary group U(2n) and the standard representation of the quaternionic general linear group GL n (H) in C 2n×2n given by
The Lie algebra sp(n) of Sp(n) satisfies
and for this we have the standard orthonormal basis which is the union of the following three sets
For the quaternionic unitary group Sp(n) we have the following basic result, which is an improvement of Lemma 6.1 of [9] . Lemma 6.1. For 1 ≤ j, k, α, β ≤ n, let z jα , w kβ : Sp(n) → C be the complex valued matrix coefficients of the standard representation of Sp(n) given by z jα : q → e j · q · e t α , w kβ : q → e k · q · e t n+β , where {e 1 , . . . , e 2n } is the canonical basis for C 2n . Then the following relations hold
Proof. The first four relations were proven in [9] . Since the quaternionic unitary group Sp(n) is a subgroup of U(2n), a generic element z w −wz ∈ Sp(n) satisfies z w −wz z * −w t w * z t = zz * + ww * wz t − zw t zw * −wz * z z t +ww t = I n 0 0 I n .
The equation wz t − zw t = 0 shows that the formula
(z jτ w kτ − z kτ w jτ ) , from Lemma 6.1 of [9] , simplifies to
In the spirit of the previous sections, we now look for proper biharmonic functions of the type f = P/Q, where P and Q are suitable homogeneous polynomials.
Theorem 6.2. Let p, q ∈ C 2n be linearly independent and P, Q : Sp(n) → C be the complex-valued functions on the quaternionic unitary group defined by Proof. It follows from Lemma 6.1 that P, Q : U(n) → C are eigenfunctions of the Laplace-Beltrami operator τ and that κ(Q, Q) = −Q 2 /2. Then we deduce from the general formula (4.2) that
Again applying Lemma 6.1, we obtain
Equation (6.1) tells us that f is harmonic if and only if κ(P, Q) = −P Q/2. It now follows from (6.2) that this is true if and only if α = β. For the case α = β, a standard calculation, employing Lemma 6.1, yields
Finally, by using (6.3), we obtain the stated result. More precisely,
= 0.
The special unitary group SU(n) revisited
In this section we construct proper biharmonic functions on open subsets of the special unitary group SU(n). They are quotients of 2×2 determinants from the matrix for the standard representation of SU(n). For this purpose, we first establish the following result of independent interest.
Proof. We shall use the formula which gives the tension field of a product. More precisely, let
Next, by renumbering rows and columns if necessary, we observe that it is not restrictive to assume that both the row and the column indices of d k range from 1 to k. In particular, we can write
where S k is the set of permutations of {1, . . . , k} and s(σ) is the sign of σ. Now we can compute τ (d k ). We apply (7.2) to (7.3): by using (4.1) and the linearity we easily obtain
By using (4.1) into (7.4) we have
Now we commute the order of the sums. Then, observing that (4.1) has produced a minus sign together with a change of the sign of the corresponding permutation σ, it is not difficult to deduce that (7.5) becomes
from which (7.1) follows immediately.
We can now state our main result on the quotient of two determinants.
Theorem 7.2. Let P, Q : U(n) → C be the complex-valued functions on the unitary group given by the 2 × 2 determinants
Further let f (z) = P (z)/Q(z) be the rational function defined on the open and dense subset W Q = {z ∈ U(n)| Q(z) = 0} of the unitary group. Then (a) f is harmonic if and only if (j, k) = (r, s) or (α, β) = (γ, δ).
(b) f is properly biharmonic if and only if (j, k) = (r, s) and (α, β) = (γ, δ). The corresponding statements hold for the functions induced on SU(n).
Proof. First, we need to compute the tension field τ (f ). According to Proposition 7.1, P, Q : U(n) → C are eigenfunctions of the Laplace-Beltrami operator τ with eigenvalue λ = −2(n−1). Moreover, a simple direct computation shows that
Now, by using (4.2) we deduce that
Therefore, we now need to write down the explicit expression of κ(P, Q). To this purpose, we introduce the following notation. We write
In particular, we observe that, according to this notation, we have
For future reference, we also point out the following general symmetry property Now we perform a direct computation
We are now in the right position to prove (a). According to (7.6) f is harmonic if and only if κ(P, Q) = −2P Q.
If we set (j, k) = (r, s) in (7.10), then it is easy using (7.8) and (7.9) to check that (7.11) holds. Next, if (α, β) = (γ, δ) (7.10) becomes
which, taking into account the definition (7.7) and computing, gives again (7.11) . In order to prove the converse, a case by case inspection shows that in all the cases where none of the two conditions (j, k) = (r, s), (α, β) = (γ, δ) is satisfied, (7.11) does not hold. More precisely, by way of example, assume that j = r, k = s α = γ and β = δ. Then the explicit computation gives κ(P, Q) + 2P Q = z jα (−z jα z kδ z sβ + z jα z kβ z sδ − z jδ z kβ z sα +z jβ z kδ z sα + z jδ z kα z sβ − z jβ z kα z sδ ) which does not vanish identically. The other cases are similar, so ending the proof of (a).
To prove (b) we first introduce the following notation
By using (7.8) , it is easy to deduce the following general symmetry properties
Now, we proceed to the computation of the bitension field τ 2 (f ). Starting from (7.6), it is easy to obtain
Next, using (7.6) and
we can rewrite (7.13) as follows Q 3 τ 2 (f ) = 16 P Q 2 + 8(5 − n) Q κ(P, Q) (7.14) −2 Q τ (κ(P, Q)) + 8 κ(κ(P, Q), Q).
Next, we compute explicitly
Now, using the various symmetries i.e. (7.8), (7.9), (7.12), after a long computation we find that (7.15) takes the following form
Next, we compute the other relevant term
We then substitute (7.16) and (7.17) into (7.14), which becomes, after a long but straightforward simplification taking into account the symmetries (7.8) and (7.9), the following expression
Finally, a simple direct computation, using the definition (7.7), shows that the right-hand side of (7.18) vanishes.
Example 7.3. Let P, Q : U(n + 4) → C be the function given by the 2 × 2 determinants P (z) = z 11 z 22 − z 12 z 21 and Q(z) = z 33 z 44 − z 34 z 43 .
Further let f (z) = P (z)/Q(z) be defined on the open and dense subset
According to Theorem 7.2, f gives rise to a proper biharmonic function on the special unitary group SU(n + 4). This is clearly invariant under the action of the subgroup S(U(2) × U(2) × U(n)) so it induces a proper biharmonic function on the complex flag manifold
via the harmonic morphism
Note that in the particular case when n = 0 the flag manifold is the complex Grassmannian SU(4)/S(U(2) × U(2)).
Remark 7.4. Parts of the computations in the proof of Theorem 7.2 were carried out and checked by using the software Mathematica. Our result provides an ample family of new proper biharmonic functions. However, we point out that, by using Mathematica, we were also able to check, in various examples, that the conclusion of the theorem is still true in the case of the quotient of 3 × 3 determinants. Similarly, the same happened if P and Q are suitable linear combinations of 2 × 2 and 3 × 3 determinants, respectively. So we believe that Theorem 7.2 can reasonably be extended to include more general situations which involve k × k determinants. Since the amount of computational effort required to handle these cases appear to be extremely heavy, we find it reasonable not to include these developments in the present work.
The Duality
The approach and the methods of this section were introduced in [10] . Let G be a non-compact semisimple Lie group with the Cartan decomposition g = k + p of the Lie algebra of G where k is the Lie algebra of a maximal compact subgroup K. Let G C denote the complexification of G and U be the compact subgroup of G C with Lie algebra u = k + ip. Let G C and its subgroups be equipped with a left-invariant semi-Riemannian metric which is a multiple of the Killing form by a negative constant. Then the subgroup U of G C is Riemannian and G is semi-Riemannian.
Let Let the left-invariant vector fields X 1 , . . . , X n ∈ p form a global orthonormal frame for the distribution generated by p and similarly Y 1 , . . . , Y m ∈ k form a global orthonormal frame for the distribution generated by k. Now, we compute separately both sides of (8.1). According to the semi-Riemannian version of (3.3), we have
Next,
On the other hand, the holomorphicity of f C implies The duality principle of Theorem 8.1 tells us that f is also proper biharmonic. The functions f and f * are both SO(3)-invariant so, by Remark 8.2, they induce biharmonic functions h : U ⊂ H 3 → C and h * : U * ⊂ S 3 → C on the quotient spaces of left cosets
